Dynamics of point particle

1. Three bodies with masses ms = 10kg, mp = 15kg, mc = 20kg, lying on a horizontal
support and connected by a wire, are subject to a force ' = 100 N in the horizontal direc-
tion. The mass of the wire and the friction between the bodies and the support are negligible.

Calculate the acceleration of the system and the force acting at each joint.
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The motion of bodies is described by Newton’s law of force

n

s = ma.

(]

i=1
If the distance between the bodies does not change, the acceleration of all the bodies is

equal

— — —

A:aB:ac:cY.

The bodies are subject to gravitational forces G A G B, éc, normal forces N A, N B, ]\70,
the tensile forces of the wire fA B fB A fBC, fc 5 and the external force F , therefore

Newton’s force law will be
TAB+éA+NA:mA6,
Tpa+Tpe + G+ Np = mpad
F+Top+Ge+ No =med .

After scalar multiplication of the equations by the unit vectors i and j and using the

equations

ii=1,



.
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I
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=0,
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the equations take the scalar form
Tap = maa ,
Ny—Gy=0,
—Tpa+Tpc = mpa,
Np—-Gp=0,
F—Teg =mea,
Ne —Ge=0.

In the vertical direction the acceleration is zero, therefore

NA:GA7
NB:GBa
Nec =Ge .

Newton’s law of action and reaction implies

Tap=—Tga,
Tap =Tpa,
Tpe = —Top
Tpc ="1cp -

Therefore, in the horizontal direction
TAB = maa,

—Tap + Tpe = mpa,
F— TBC = mca .
By summing all the equations, the acceleration of the system can be expressed

F

ma+mp+ mgc

a =



and then modifying the individual equations of the force between the bodies

FTTLA
TAB: )
ma +mp+ mg
F(myg+mpg
Tpc = ( )

ma+mp+ mgc

After substituting the values, the numerical solution will be

100N L

a= =22ms “,
10kg + 15kg + 20 kg
100N . 10kg

A8 7 10kg + 15 kg + 20 kg e
100N . (10ke + 15k

Tpo = (10kg + 15kg) _ oo\

10kg + 15kg + 20 kg

2. Two bodies with equal masses m = 5kg are connected by a wire passing through a freely
rotating pulley. The first body hangs freely on the wire, the second lies on an inclined plane
which makes an angle o = 30° with the horizontal plane. Calculate the acceleration of
the bodies and the force acting at the wire if there is no friction between the body and
the inclined plane and if there is friction between the body and the inclined plane and the

friction factor is pn = 0,2.

Fig. 2

The gravitational force of a body on an inclined plane can be decomposed into a compo-

nent parallel to the inclined plane and a component perpendicular to the inclined plane

é:é|‘+éL.



The component parallel to the inclined plane will have the magnitude
G| = Gsina
and the component perpendicular to the inclined plane
G|, =Gcosa.
The magnitude of the frictional force between the body and the inclined plane is
Fr=uG, = pGceosa .
Newton’s law of force
S F = ma,
i=1
for a hanging body is
G+ TA = Mmdy
and for a body on an inclined plane is
G+ G+ N+ T+ Fp=mig .
Newton’s law of action and reaction implies
Tha=Tp=T.
The length of the wire does not change, therefore,
ap=agp=a.
The force of gravity can be calculated using the acceleration of gravity as
G = mg .
Newton’s law of force for bodies has a scalar form
mg —T =ma,

—mgsina + T — pmgcosa = ma .

By solving the system of equations, it is possible to express the acceleration of the system

g(1 —sina — pcosa)
a= :

2




and the force acting on the wire

mg—T =ma = T =mg—ma,

mg(1 + sina + pcos )
5 :

T =

If the friction between the body and the inclined plane is negligible
p=20,

the acceleration of the system will be

g(1 —sin )

a = 5

and the force acting on the wire will be

T mg(l;—sina) ‘

After substituting the numerical values

9,81ms 2. (1 — sin30°)
a =

=245ms 2
2 ) mS M

5kg.9,81ms 2. (1 + sin30°)
2

T —

= 36,79N .
If the friction between the body and the inclined plane is not negligible
p=01,

the acceleration of the system will be

g(1 —sina — pcosa)
2

a =

and the force acting on the wire will be

mg(1 + sin o + p cos a)

T =
2

After substituting the numerical values

~9.81ms™? . (1 —sin30° —0,2. cos30°)

=1,60ms2
2 ) ms M

a

_ 5kg.9.8Ims™?. (1+sin30°+0,2. cos30°)
B 2

T

= 41,04N .



3. A weight of mass m = 5kg hanging on a wire of length | = 1 m swings with a maximum
angular deflection o = 60°. What force F) is acting on the wire at the extreme positions

and what force F’ is acting on the wire at the lowest position?
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Fig. 3

The weight in the extreme position is acted upon by the gravitational force G and the

force of the wire T, 1. Newton’s law of force will therefore have the form
G + T1 =ma.

The gravitational force can be resolved into a component parallel to the direction of the

wire and a component perpendicular to the direction of the wire
C_j = C_jH + é -

The component of the gravitational force acting in the direction parallel to the direction

of the wire is
G| =Gceosa,

from Newton’s law of forces for components in the direction of the wire implies
G, —-Ty =0,

mgcosa—T) =0,



from which it is possible to express the force which the wire acts on the weight
Ty = mgcosa .

According to Newton’s law of action and reaction, the force which the weight acts on
the wire is equal in magnitude and in the opposite direction to the force which the wire

acts on the weight
Fi=-T,

therefore, the magnitude of the force that acts on the wire at its extreme position will be
Fy =mgcosa,

after substituting numerical values

Fy =5kg.9,81ms 2. cos60° = 24,53N .

The height of the weight at its extreme position relative to the lowest position can be

expressed as
h=1l—lcosa.

The law of conservation of mechanical energy for a weight in the extreme and lowest

position has the form
Ep + By = Ep + Eja

if in the extreme position the kinetic energy is zero
Exn =0

and in the lowest position the potential energy is zero
Ep=0,

the law of conservation of mechanical energy takes the form

Epl = Ek27
2

muv
p="
mg 5



from which it is possible to express the velocity of the weight in the lowest position as

v =+/2gh .

The weight will move in a circle with radius [ and will be acted upon by the gravitational
force G and the force of the wire T5. Newton’s law of force for the body at its lowest

position will be
G+ T 5= Mmdy ,

at lowest position in the direction of the wire, it states
mg — Ty = —may .

The magnitude of the centripetal acceleration at its lowest position can be expressed

using the velocity of the weight

v 2gh
ad:—:—:

7 l 2g(1 — cosa) .

The force stretching the wire at its lowest point will be
Ty = mg + mag = mg(3 — 2cos «) .

The force exerted by the weight on the wire is equal in magnitude and opposite in di-

rection to the force exerted by the wire on the weight.

—

Fy= Ty,
therefore, the magnitude of the force that acts on the wire in the lowest position will be
Fy, =mg(3 —2cosa),
after substituting numerical values

Fi=5kg.98lms 2. (3—2. cos60°) =98,1N .



4. What impulse will the wall give to an elastic ball with mass m = 1kg and velocity vy =

10ms™1 that hits the wall in a direction making an angle o = 60° with the normal?

Fig. 4

By definition, the impulse of a force expresses the time effect of a force

to
f:/ F(t)dt

t1

to calculate it, the impulse theorem can also be used

In an elastic collision, the kinetic energy of the ball does not change

Eyy = Ey1 |
mvs  mui
2 2 7

therefore the magnitude of the velocity does not change
Vg =11 =10

and therefore the magnitude of the momentum does not change either
P2 =p1r=p=muv.

From the figure (Fig. 5) it follows

I
cosa = —
2p’
from which it is possible to express the impulse of the force

I =2pcosa =2muvcosa ,

after substituting numerical values

I=2.1kg.10ms ' . cos60° = 10Ns .



5. A body lying on a horizontal surface is acted upon in the horizontal direction by a force
whose time dependence is F'(t) = A + Bt + Ct?, where A = 02N, B = 04Ns},
C = 0,6 Ns™2. Calculate the impulse of the force for the timety = 5s?

The impulse of a force expresses the time effect of a force

— t()_)
1:/ F(t)dt.
0

In the case of linear motion, the magnitude of the impulse of a force will be

to to t2 tS to t? t3
I:/ F(t) dt:/ (A+Bt+Ct*)dt = |At+ B— + C—| = Atg+B2+C—2.
0 0 2 31, 2 3

Substituting numerical values

2 3
[=02N.5s+04Ns". (55’) L 0,6Ns2. (55) — 31Ns.

6. A point particle of massm = 5kg is moved by a force such that its path changes with time
asx(t) = A+ Bt + Ct? + Dt3, where C = 2ms 2, D = —0,2ms™3. Calculate the
magnitude of the force acting on the mass point at time ty = 2s and find the time when

the force will be zero.

Velocity in a linear motion can be expressed from its definition as

2 3
:dx(t) :d(A+Bt+C’t +Dt>:B+ZCt+3Dt2.

¢
v(t) = =5, at

Acceleration in a linear motion can be expressed from its definition as

_do(t)  d(B+20t+3Dt*) 20 + 6D

¢
alt) = =, dat

The force can be calculated from Newton’s law of force
F(t) = ma(t) = m(2C + 6Dt) .
At time ¢, the force will be
F(t =ty) = m(2C + 6Dty) .
After substituting numerical values
F(t=2s)=5kg. [2.2ms*+6.(-02ms™").2s] =8N.

10



From the condition that the force is zero

it follows
m(2C +6Dt) =0,

from which it is possible to express the time when the force will be zero

—C

t=——
3D

and after substituting numerical values

¢ —2ms™ 333
= = S .
3.(-02ms™3) 7

. Aforce F = Fy—kt acts on a body of massm = 5kg, where F, = 10N andk = 0,1 Ns™!
are constants. Express the acceleration, velocity, and position of the body at timet = 10s

if the body initially had a velocity vy = 2ms~' and a the starting position was xy = 2 m.

From Newton’s law of force
F=ma,

for the acceleration of a body in linear motion follows

F Fy Kkt
aa=———— —
m m m’

after substituting numerical values, the acceleration at time ¢ = 10s will be

10N 0,INs7'.10s
~ 5kg 5kg

a =22ms 2.

The velocity of a point particle can be calculated using the acceleration

F, Kkt Fot  kt?
v:/adt:/(—o——) dt:—0+—+cl.
m m m 2m

If the initial velocity was vy, the integration constant c; will be

v(t=08) =19 = 1 =1

11



and the velocity of the point particle will be

Fot  kt?
V=—+-—+17,
m 2m

after substituting numerical values, the velocity at time ¢ = 10s will be

I0N.10s 0,1Ns7!.(10s)?
v =
5kg 2.5kg

+2ms ' =23ms™ !,

The position of a mass point can be calculated using the velocity

Fot  kt? Fot? kt?
x:/vdt:/(—o———i-vo) dt:L———i-vot—i-cQ,

m 2m 2m 6m

if the initial position was z(, the integration constant ¢, will be
z(t=0s) =29 = 2 =129

and the position of the mass point will be

after substituting numerical values, the position at time ¢ = 10s will be

10N . (10s)>  0,INs™'. (10s)?

2ms ' . 10s4+2m = 125,33 m .
2. 5ke 6 5kg | oM9 sem oot

. What work must be done to compress the buffer spring of a wagon by xq = 10 cm, when
a force of F1 = 25000 N is required to compress it by x1 = 1 cm and the force is directly

proportional to the shortening of the spiral.

\ 4
v

v

Fig. 5
The magnitude of the force exerted on a spring by an external force is directly propor-
tional to the compression of the spring, it means
F=Fkzx.

12



If a force of Fj is required to compress a spring by x1, the spring stiffness will be

F
F=ky, — k=1,
T

Mechanical work expresses the path effect of a force
F2 — —
A= / F-dr,
1
if the displacement vector and the force vector have the same direction, then
Fdr = Fdrcos0° = Fdr .

If the z axis has its origin at the point where the uncompressed spring is located and the

direction of the z axis is the same as the direction of compression of the spring, then

dr =dz ,
7“1:0,
9 = Xo -

The mechanical work will be

72 o o 2
A:/ Fdrz/ Fd:v:/ kxdx:%
r1 0 0 2

and after substituting the spring stiffness will be

A= le(z)

2x 1 '
After substituting numerical values

~ 25000N . (0,10 m)?
N 2.0,0lm

A

=12500J =12,5kJ .
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9. A ball is suspended on a wire of length | = 0,5 m. What is the smallest horizontal velocity
that must be given to it so that it can be deflected to its highest position while keeping the

string taut?

Fig. 6

If the ball at the highest position has a velocity of ¥ and moves in a circle with radius [,

it will have a centripetal acceleration of the magnitude

If it is also acted upon by a gravitational force
G=mg,

then Newton’s law of force will have the form
G =ma ,

in scalar form

’U2

mg =m-,
from which it is possible to express the velocity of the ball at the highest position

S

14



If the lowest position is a place with zero potential energy, then the total mechanical

energy of the ball at the lowest position will be

2
muv
Epo + Eo = TO

and at the highest position the total mechanical energy of the ball will be

TI’LU2

Ep—FEk:mgh—FT,

where the height of the ball will be
h=2l.
From the law of conservation of mechanical energy, it follows

Ey+ Ey=E,+ Ey ,

2 2
mug mu

from which it is possible to calculate the velocity of the ball in the lowest position

Vg = 5gl,

after substituting numerical values

vo=1+/5.981ms2.05m=495ms"".

10.

Calculate the power of a car engine with a mass of m = 1200 kg when the car is moving

at a constant speed of v = 50 kmh~! on a road with a five percent gradient.




The speed of the car is
v=>50kmh™' =139ms".

A five percent road gradient means that over a distance of 100 m the road will rise by 5 m,

therefore (Fig. 8)

and the angle of a road inclination will be
a = arctan 0,05 = 2,86° .

The engine power expresses the rate of work

dA

p=-=
at ’

if the force is constant, the engine power can be calculated as

The force of engine and the speed of car have the same direction, so
P =Fvcos(0® = Fuv.

If the car is moving uniformly, the resulting force acting on the car must be zero, so the

force of engine must be equal to the component of gravity that is parallel to the road
F =G| =mgsina.

The power of engine will therefore be
P =Fv=mguvsina,

after substituting numerical values

P =1200kg.9.81ms 2.139ms ' . sin2,86° = 8164 W .
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